Abstract: The paper studies the benchmark approach for pricing and hedging in incomplete markets where the investor has to filter the incomplete information. We consider a jump diffusion Markov modulated market model and derive the growth optimal portfolio (GOP), by using the stochastic control method. Using GOP, we price and hedge European options where the existence of the equivalent martingale measure is not necessary.
Introduction
The benchmark model introduced by Platen (2002) has not been well studied in literature for the case of incomplete information while incompleteness of the information in financial modelling is not uncommon in practice. Some of the factors that characterize the evolution of the financial markets may be hidden. It is well-known that a financial model with constant parameters can only model a relatively short period of time of the market. Thus, there is a need to use stochastically varying parameters. One possibility is to introduce a continuous-time Markov chain, as a random source to modulate the coefficients of the stochastic differential equation (SDE) representing the general market direction.
In the present work, we consider a jump diffusion model with Markov-modulated coefficients. First, we derive a growth optimal portfolio (GOP) for the case of complete information by using the Hamilton-Jacobi-Bellman equation and solving an optimization problem. After deriving the optimal strategy with complete information, we take up the optimal filtration of the strategy with incomplete information where the hidden process is not possible to retrieve from the given set of information.
Most papers on the benchmark approach (or numeraire approach) for option pricing consider the SDE for stock price processes with predictable functions as coefficients. In case of complete markets without jumps, Long (1990) and BajeuxBesnainou and Portait (1997) have proposed the use of the growth optimal portfolio (GOP) as a numeraire, where the corresponding pricing measure is the real world probability measure. In Platen (2002 Platen ( , 2004 , pricing and hedging are performed for complete markets with jump diffusions and without the measure transformation. Platen and Runggaldier (2004) have generalized the model by using the GOP for pricing and hedging in incomplete markets when there are unobserved factors to be filtered. In this paper, we have followed the methodology adapted by the Föllmer and Schweizer (1990) to derive the hedging strategy for the incomplete information case.
The paper is structured in the following way; Section 2 introduces the financial market model under which we derive the option price for an European contingent claim with benchmark approach. GOP has been derived in section 3 and the fair price of the European claim is obtained. Section 4 deals with the hedging for the option in complete and incomplete information case. Finally, conclusions are drawn in section 5.
The market model
Consider a financial market with one risk-free asset and two risky assets. As mathematical models of this financial market, we have two filtered probability spaces. The first one is (Ω, F, F = {F t , t ∈ [0, T ]}, P ) which has complete information about all the randomness in the market at any time t ∈ [0, T ], for some fixed time T < ∞. In practice, such a filtration is possible to generate by an insider. The second one is (Ω,
which is the filtered probability space generated by the stock price process S = {S(t), t ≥ 0}. This filtration can be observed by any investor at any time
The dynamics of the risk-free asset B(t) and the two risky assets S(t) = {S 1 (t), S 2 (t)} are given as
where X = {X t , t ≥ 0} is an irreducible continuous-time Markov chain taking values in E = {1, 2, · · · , M }, with the Markov chain describing some exogeneous factors of the market. Let Q = [q i,j ] i,j∈E denote the infinitesimal generator matrix Q of the Markov chain. Then, X t can be written as a SDE of the form
Here n(dt, du) is non-zero most of the time and is unity at regime switching times.
are functions of X for all i ∈ {1, 2} and r(·) is deterministic function of time. In the above stochastic differential equations, W = {W t , t ≥ 0} indicates a standard Brownian motion and N = {N t , t ≥ 0} indicates a Poisson process with deterministic intensity process λ = {λ t , t ≥ 0}. All the processes are adapted to the filtration F , and W , N and X are independent with each other. The investor cannot observe X, W and N but S can be observed at any time t ∈ [0, T ]. The investor knows the initial distribution of X 0 . We assume that the equation for S admits a unique strong solution with respect to the filtration F for which it is sufficient to consider that µ, σ and ρ are almost surely bounded.
Without loss of generality, we can assume that the risk-free rate is zero. Then the model becomes
which is clear from (1) by discounting it with risk-free rate and replacing
We denote a portfolio strategy by π t = {π
t the fraction of the wealth invested in risk-free (i = 0) and in risky (i = 1, 2) assets, respectively, at time t ∈ [0, T ]. The process π = {π t , t ∈ [0, T ]} is called a portfolio strategy process. To derive GOP, we restrict ourselves to self-financing portfolio strategies and π i t ∈ [0, 1], for i ∈ {0, 1, 2}, which guarantees positiveness of the wealth process and is reasonable for logarithmic utility. The self-financing strategy is a portfolio strategy in which the change in the wealth process corresponding to the strategy π is only depends on the change in risky and risk-free assets. A portfolio strategy is called admissible if it belongs to the set
The wealth process corresponding ro an admissible portfolio strategy π ∈ U [0, T ] is given by
It can be written as
where θ 1 (X t ) and θ 2 (X t ) are the market-price-of-risks characterized by the equations
We assume that V π 0 = x 0 is the given initial wealth.
In this section, we define the GOP and derive the fair price for an European option. 
for all π ∈ U [t, T ], where the wealth process V
indicates the conditional expectation for given complete information with respect to P at time t ∈ [0, T ] given that V π t = v and X t = x. Now we derive the GOP in the complete information case. So the optimization problem is now to maximize the expected log utility from the terminal wealth at any time t ∈ [0, T ] for given complete information till time t
We solve the above problem by the stochastic control method. Using the HamiltonJacobi-Bellman (HJB) equation, the above optimization problem can be written as
which we will write, using an operator A π , as
with the boundary condition ζ(T, v, x) = log v.
is a solution to the HJB equation and G(t, x, v)|
In particular, π * is a growth optimal portfolio strategy.
Proof. Let π ∈ U[t, T ] be an arbitrary portfolio strategy and V
π be the corresponding wealth process. From (9), we have
From the boundary condition of (9) and the Dynkin's formula
The first part of the theorem follows from the above inequality. If π * is a maximizer of the HJB equation, we obtain the equality and hence the second part.
Theorem 2. The GOP strategy is given by
Proof. One can observe that the solution G of the HJB equation can be written as G(t, i, v) = log(x) + g(t, i), with g(·, i) ∈ C
1 for all i ∈ E. Now, by applying the first order condition to the right hand side of the (9), we will get the maximizer π * of the HJB equation as
The wealth process corresponding to the GOP, which we get by substituting π * from theorem (2) in (5), is given by
We now take V π * , the wealth process corresponding to the GOP, as benchmark or reference unit and we call prices when expressed in unit of V π * as benchmarked prices. Furthermore, we call a model with the above prescribed form of prices a benchmark model. That is, we have the benchmarked primary security account process S(t) =
and the benchmarked value of the wealth process corresponding to the portfolio π as
. By Itô's formula, the benchmarked value process will satisfy the SDE
Note that V δ (t) is driftless and thus an (F, P )-locally martingale. The SDE for the primary security accounts S 1 (t), S 2 (t) and B(t) are obtained by making the substitutions π i = 1 or 0 respectively for i ∈ {0, 1, 2}. Since a non-negative local martingale is a supermartingale, we deduce that the above processes are supermartingales. This supermartingale property expresses in some sense the fact that the GOP is the best performing portfolio since there is no non-negative wealth process with better expected benchmarked value.
Definition 3.2. We define a European contingent claim H T that matures at time T to be an F T -measurable payoff with
E |H T | V π * (T ) F t < ∞ for t ∈ [0, T ].
Definition 3.3. We call a price process Λ = {Λ(t), t ∈ [0, T ]} fair if the corresponding benchmarked process
Λ = Λ(t) = Λ(t) V π * , t ∈ [0, T ] form an (F, P )-martingale, i.e.,
it satisfies the conditions
E(| Λ(T )|) < ∞ and Λ(t) = E[ Λ(T )|F t ].
Proposition 3. The fair price a Λ H T (t) at time t for a given European contingent claim H T is given by the fair pricing formula
The proof of the above proposition is straightforward from the definition of fair prices.
If an equivalent risk-neutral martingale measure (respectively, minimal martingale measure) exists, then the fair price defined above coincides with the corresponding risk-neutral price in case of complete (respectively, incomplete) markets. The Radon-Nikodym derivative process Π Q = {Π Q (t), t ∈ [0, T ]} for the candidate minimal martingale measure Q can be obtained as the inverse of the discounted GOP.
Hedging
In case of incomplete markets, complete hedging for every contingent claim is not possible with respect to a self-financing portfolio. To replicate H T in an incomplete market, we have to have a cost process C = {C t , t ∈ [0, T ]} such that
In Follmer and Schweizer (1991) , it is shown that minimizing the intrinsic risk arising due to the incompleteness of the market is similar to finding a mean selffinancing strategy, where the cost process C is orthogonal to the martingale part of S which is called risk minimizing strategy.
a The fair price concept has been proposed in Platen (2002) where L is a martingale orthogonal to the martingale part of S which is the FollmerSchweizer decomposition of H. The values of π 1 , π 2 and L can be derived from the above lemma. The proof of the above lemma is a simple application of a martingale representation theorem.
We have derived the risk minimizing hedging strategy in the case of complete information. Now consider the incomplete information case for an investor who can see the stock price process only. Now we have the filtration F S . But for a financial model where the stock price process are satisfied by the equation (1) one can reduce the partial information case to the complete one with a standing assumption.
Assumption 4.1. At least one of function ρ 1 (X t ) or ρ 2 (X t ) is continuous and invertible and it is denoted by ς(·) is continuous.
Without lost of generality we assume that ρ 1 (X t ) is continuous and invertible.
Lemma 4.1. Under assumption (4.1), the filtration F S is augmented with filtration of (X, W, N ).
Proof. Let F X,W,N be the augmented filtration of (X, W, N ). Obviously,
where I ∆S 1 (t) =0 is a random variable with value 1 if ∆S 1 (t) = 0 and 0 o.w. for all t ∈ [0, T ]. It is clear that process {∆S 1 (t)} and {I ∆S1(t) =0 } are F S -adapted so is ρ 1 (X t ). Moreover, from the assumption (4.1), the process X satisfies
which implies it is also F S -adapted. Now we can write
So N and from (1) W are F S -adapted as well, which proves the relation
But if the ρ 1 and ρ 2 are not invertible then it is not possible to retrieve the complete information of the market. The strategy we have derived in (13) are not F S -adapted which is a necessary condition for an admissible strategy. We consider optimal projection towards F S by
Theorem 5. Suppose that H satisfies (13). Then H T admits the representation
where
Proof. From (13) we have
If we take condition expectation w.r.t. the filtration F S , we get
since H and S are F S -adapted and π i are independent of S for i ∈ {1, 2}. 
E(L t F
Since {L} is still independent of {W } and {N } it's covariance with the martingale part of S will be zero, which shows that it is orthogonal to the martingale part of S.
The above theorem gives the optimal strategy for a investor who can only see the stock price process as a piece of information to minimize the intrinsic risk arising due to the untradable random process X.
Conclusion
We have derived the GOP for the jump diffusion model where the coefficients are modulated by an irreducible finite state Markov process. We have used the HJB equation to first derive the GOP under complete information. Using the fair price concept introduced by Platen (2002) the European option is priced and by the help of martingale representation theorem the option has been hedged in complete information and later in incomplete information by taking the optimal projection of the strategy towards F S .
